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Abstract 

Let a finite group G act on the complex plane (C 2 , 0) . We consider 
multi-index filtrations on the spaces of germs of holomorphic functions 
of two variables equivariant with respect to 1-dimensional representa- 
tions of the group G defined by components of a modification of the 
complex plane C 2 at the origin or by branches of a G-invariant plane 
curve singularity (C, 0) C (C 2 ,0). We give formulae for the Poincare 
series of these filtrations. In particular, this gives a new method to ob- 
tain the Poincare series of analogous filtrations on the rings of germs of 
functions on quotient surface singularities. 

Introduction 

In pQ, [S| (see also [2j for another proof of the result of pQ) there were computed 
the Poincare series (in several variables) of the so called divisorial (multi- 
index) nitrations on the ring 0c 2 , o °f germs of holomorphic functions on the 
complex plane C 2 at the origin and of the filtration defined by orders of a 
function on branches of a germ of a plane curve (C, 0) C (C 2 , 0). In particular 
it was shown that the Poincare series of the latter filtration coincides with 
the (multi- variable) Alexander polynomial of the (algebraic) link (S%, C fl Si) 
corresponding to the curve (C, 0). Here we give versions of these results for the 
equivariant case, i.e. when there is an action (a representation) of a finite group 
G on the complex plane C 2 and the corresponding filtrations are considered 
on subspaces of germs of functions equivariant with respect to 1-dimensional 
representations G — > C* = GL(C, 1) of the group G. There is a problem to 
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define an equivariant version of the monodromy zeta function. One reason to 
study "equivariant" Poincare series of nitrations is the hope that they may 
give a hint for such a definition (at least for curve singularities). 

For a finite group G, the set G* of 1-dimentional representations G — > 
C* = GL(C, 1) of the group G is a group itself. Let R(G) be the ring of 
(complex virtual) representations of the group G and let R±(G) be its subring 
generated by 1-dimensional representations. Elements of the ring R\(G) are 
formal sums Y2 n a a over an different 1-dimensional representations a of the 
group G, n a G Z. The multiplication is defined by the tensor product. The 
rings R(G) and R\ (G) coincide iff the group G is abelian. 

Let (V, 0) be a germ of a complex analytic variety with an action of a finite 
group G. The group G acts on the ring Oy,o of germs of functions on (V, 0) by 
the formula g*f(x) = f(g-\x)) (/ G O v , , geG,xE (V,0)). Let a : G -> C* 
be a 1-dimensional representation of the group G 

Definition: A germ / G Oy,o is equivariant with respect to the representation 
a if g*f = a(g) ■ f for g G G. 

The set of germs of functions on (V, 0) equivariant with respect to the 
representation a is a vector subspace O vo C Oy,o- If ol\ ^ &2, one has O v \ n 
Cy 2 = {0}. Product of functions equivariant with respect to representations 
«i and «2 is a function equivariant with respect to the representation ot\ ■ a.2- 
If the group G is abelian, CV,o = © @vo- 

a 

For a vector space A (finite or infinite dimensional, e.g., for CV,o or @vo)i a 
1-index (decreasing) filtration on A is defined by a function v : A — > Z>oU{oo}, 
such that v (/1 + /2) > m i n {^(/i), ^(/2)}, fi £ A, i = 1,2. An s-index filtration 
on A is defined by s such functions u i5 i = 1, . . . , s. For v = (vi, . . . , v s ) G Z s , 
the corresponding subspace J(v) is defined as {a G A : u»(a) > Vi,i = 1, . . . , s}. 
(To describe the filtration it is sufficient to define the subspaces J(v) only for 
v G (i.e., > for i = 1, . . . , s), however it is convenient to suppose J(v) 
to be defined for all v from the lattice Z s .) 

Suppose that all the factor spaces J(v)/J(v + 1) (I = (1, . . . , 1), v G Z s ) 
are finite dimensional. (This is equivalent to say that dimA/J(v) is finite for 
any v G Z> .) Let rf(w) := dim J(v) / J(v + 1) , w G 27. The Poincare series 
of the multi-index filtration {J(w)} is the series P(ti, . . . ,t s ) G . . . ,t s }} 

defined by the formula 



P(t) 



1=1 



ti-1 

where ^ = t^ 1 • . . . • t v / (t = (t h . . .,t a ), v = (v u . . .,«,)); see, e.g., 0, 0. 
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Remark. Pay attention that the sum in the numerator is over all «6Z S , not 
only over those from Z> . This sum contains monomials with negative powers 

s 

of variables (for s > 2), however, being multiplied by Yl(ti ~ 1)j ^ becomes a 

i=i 

power series, i.e. an element of Z[[ii, . . . , t s }]. 

If there is a linear action (a representation) of a group G on the space A and 
the filtration {J(v)} (v G Z s ) is invariant with respect to this representation 
(i.e. g*J(v) = J(v) for g G G), one can define the equivariant Poincare series 
of the filtration {J(v)} as an element of R(G)[[ti, . . . ,t s ]]. For that d(v) in 
(P) should be substitute by [J(v)/J{v + I)] considered as a G-module (i.e. 
an element of the ring R(G)). Filtrations on the ring Oy,o considered here 
are, generally speaking, not G-invariant: the action of the group permutes 
valuations. This difficulty can be (partially) avoided by considering filtrations 
on the spaces of equivariant functions. This way an equivariant Poincare series 
can be defined as an element of Ri(G)[[ti, . . . , t s ]]. 

In the case when A is the ring Oy,o of germs of functions on (V, 0) or 
a subspace of it, one can define a notion of integration with respect to the 
Euler characteristic over the projectivization FA of the space A (see, e.g., j2], 
there the notion is defined for A = Gv,o, however there is no essential 
difference with the general case A C CV,o : the role of the jet spaces Jy = 
Oy$/xn k+l (m is the maximal ideal in the ring CV,o) is played by the spaces 
JAy Q = A/m k+1 fl A). This notion generalizes the usual notion of integration 
with respect to the Euler characteristic (^01) and was inspired by the notion 
of motivic integration (see, e.g., jjj). 

Definition: The (multi-index) filtration {J(v)} on a subspace A C Oyjo is 
finitely determined if for each v G Z s there exists N > such that fl A C 
J(v). 

If the filtration {J(v)} is finitely determined, one can show that 

P(t) = f t_^d X ; 

FA 

see, e.g., 0, 0- 

Here we compute the Poincare series for some multi-index filtrations (divi- 
sorial ones and those defined by invariant curves) on the space of equivariant 
function-germs on the plane (C 2 , 0) with a finite group action. For the trivial 
(1-dimensional) representation of the group, this gives formulae for divisorial 
filtrations on the quotient surface singularity (C 2 /G, 0) and for the filtrations 
defined by curves on them somewhat different from those in 
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1 Divisorial filtrations on the spaces of equiv- 
ariant functions 



Let n : (V,D) — > (V, 0) be a resolution of the germ (V, 0). Here V is a 
smooth manifold, tt is a proper analytic map which is an isomorphism outside 
of the exceptional divisor D = 7r _1 (0), D is a normal crossing divisor. Let 
E a be irreducible components of the divisor D: D = {J a E a . For a germ 
/ G CV,o, let v a (f) be the multiplicity of the lifting / = / o n of the germ 
/ to the space V of the resolution along the component E a . The function 
v a : CV,o \ {0} — > Z> U {+00} defines a valuation (a divisorial one) on the 
field of quotients of the ring CV,o- 

Suppose that the resolution 7r : (V, D) — > (V, 0) is equivariant with respect 
to an action of a finite group G on (V, 0), i.e., that the action of G on (V, 0) 
can be lifted to an action on (V", D). In particular the group G acts on the set 
{E a } of irreducible components of the exceptional divisor D by permutations. 
If the components E ai and E a2 are in the same orbit of the action and a 
function / G Oyo is equivariant (with respect to a 1-dimensional representation 
a:G^C*),thenv ai (f)=v a2 (f). 

Let us fix s components E 1 , . . . , E s of the exceptional divisor D. The 
corresponding valuations i>i, . . . , v s define a multi-index filtration on the ring 
Ov,o of germs of functions on (V, 0) and also a filtration on the space Oy of 
functions equivariant with respect to a 1-dimensional representation a. Let 
J Q (y) := {/ G Oy : Vi(f) > Vi,i = l,...,s}. It is easy to see that the 
filtration {J a (v)} is finitely determined. Let P a (t) (t = (h,...,t s )) be the 
Poincare series of the filtration { J a (v)}. One has 

P a (t)= J t^dx- 

Remarks. 1. It is somewhat natural to suppose that for % ^ j the divisors 
Ei and Ej are in different orbits of the action of the group G, however, from 
formal point of view this is not important. One can even permit that Ei = Ej 
for some % and j. 

2. In fact it is sufficient to consider the case when {Ei} = {E a }, i.e. E X) . . . , 
E s are all the components of the exceptional divisor D. The Poincare series 
corresponding to a subset of components of the exceptional divisor is obtained 
from the one corresponding to all the components by putting additional vari- 
ables equal to I. 
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Definition: The series 

P G (t)= ]Ta-P Q (t) G Ri(G)[[ti, . . . ,t s ]] , 

a&G* 

where the sum is over all non-isomorphic 1- dimensional representations a of 
the group G, will be called the equivariant Poincare series of the divisorial fil- 
tration corresponding to the components E%, . . . , E s of the exceptional divisor 
D of the resolution tt : (V, D) -> (V, 0). 

The discussion above implies that the equivariant Poincare series P G (t) 
can be represented as 

J a(f)-t_^d X , 

where a : LLPCyo — > R\(G) is the (tautological) function which sends POy 
to a G Ri(G). 

The ring R\(G) can be described in the following way. Let the abelian group 

q 

G/(G, G) ((G, G) is the commutator of the group G) be the direct sum @ Z m 

3=1 

of the cyclic groups r L rrij = Z/rrijZ, let £j be a generator of the group Z m ., let 
be an element of the group G which maps to £ 3 - under the factorization 
by the commutator (G,G), and let be the representation of the group G 
defined by Uj(£j) = exp — , Uj(£k) = 1 for k ^ j. Then the representations 

i e . 

Y[ u? with < £j < rrij form a basis of the ring R\(G) as a Z-module and as 

3=1 

a ring -Ri(G) ^ Z[u 1; . . . , - 1; j = 1, . . . , g) (see e.g. i). 

2 Divisorial filtrations on the ring C 2^ 

From now on let (V, 0) = (C 2 ,0), a finite group G acts on (C 2 ,0). Without 
loss of generality we suppose this action to be defined by a representation 
G -> GL(2,C). Let vr : (X, D) -»■ (C 2 , 0) be a modification of the plane 
(C 2 , 0) by a sequence of blow-ups invariant with respect to the group action, 
that is the action of the group G on the plane (C 2 , 0) lifts to its action on the 
space X of the modification. All components E a of the exceptional divisor D 

are isomorphic to the complex projective line CP 1 . Let Ea be the "smooth 
part" of the component E a , i.e. E a itself minus intersection points with all 

other components of the exceptional divisor D, let D = [j Ea be the smooth 
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part of the exceptional divisor D, and let D = D/G be the corresponding 

factor space, i.e. the space of orbits of the action of the group G on D- 

Let — k a be the self intersection number E a o E a of the component E a 
on the (smooth) surface X. Let (E a o E a r) be the intersection matrix of the 
components E c of the exceptional divisor D: E a o E c — —k a ; for a 7^ a' one 
has E a o E a i = 1 if the components E a and E a i intersect (at a point) and 
E a o E a i = otherwise. One has det(E a o E a >) = (— 1) #<J where #<r is the 
number of components of the exceptional divisor D, i.e. the number of blow- 
ups which produce the modification (X, D). Let M = (m aa r) := —(E^^oE^) -1 . 
All entries of the matrix M are positive integers. The meaning of the entry 
m aa i is the following. Let L a be a germ of a smooth curve on X transversal 

to the component E a at a smooth point of it, i.e. at a point of E a - Let the 
curve L a = n(L a ) C (C 2 ,0) be given by an equation h a — 0, h a £ Cc 2 ,o- 
Then m CT0 ./ = v a r(h a ) (— v a (h a ')). For a ^ a' the entry m CT0 .' is also equal to 
the intersection number L CT o L a > . The diagonal entry m aa is equal to L a o 
where L CT = ir(L a ), L' a = ^(L' a ) for smooth curves L CT and L' a transversal to 
the component E a at different smooth points. 

For a space Z, let S k Z = Z k /S k be the fcth symmetric power of the space 
Z. If Z is a quasiprojective variety, S^Z is also one. For example S^C = C k , 

Let Eq be the first (in the order of blow-ups) component of the exceptional 
divisor D (Eq may very well coincide with one of the chosen components Ei, 
E s ). The component Eq is invariant with respect to the action of the 
group G. For a point p of E , i.e. for a line in C 2 , let £ p be the corresponding 
linear function on C 2 : the function which vanishes at p; it is well defined up 
to multiplication by a non-zero constant. Let G p = {g G G : gp = p} be the 
stabilizer of the point p and let Gp = G/G p be the orbit of the point p. The 
homogeneous function [ [ £ q of degree equal to the number \Gp\ = \G\/\G P \ 

qGGp 

of points in the orbit of p is an equivariant one (with respect to a certain 
1-dimensional representation of the group G). Let u p be the corresponding 
representation. 

Examples. 1. Let the group Z m act on (C 2 ,0) by £(x,y) = (£ k x,£ e y) where 
£ = exp(2ni/m) and gcd(/c,£) is relatively prime with m (k and £ are the 
weights of the representation of the group Z m ). The group Zj^ of 1-dimentional 
representation of the group Z m is the cyclic group of order m generated by the 
representation u defined by = £. The action of the group Z m on the 
projectivization CP 1 = (C 2 \ {0})/C* of the plane C 2 has two fixed points 
Pi = (1, 0) and P2 = (0, 1) and is free outside of them. The linear function 
which vanishes at the point p\ is the coordinate y. Therefore u Pl = u" e . In 
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the same way u P2 = u k . For a point p G CP 1 different from p 1 and p 2 one has 
u p = 1. 

2. Let G = D\ be the subgroup of SL(C, 1) generated by the transfor- 
mations a(x,y) = (ix,—iy) and r(x,y) = (iy,ix), i = The group G 
is of order 8 and has 3 cyclic subgroups of order 4 generated by a, r, and 
to respectively. Intersection of any two of these subgroups is the commuta- 
tor (G,G) = {I, a 2 } of the group G (a 2 = t 2 = {jo) 2 ). The group G* of 
1-dimensional representations of the group G is isomorphic to Z 2 x 7L 2 and is 
generated by the representations u\ and u 2 defined by ui(a) = —1, u\{t) = 1, 
u 2 (o) = 1, u 2 (t) = -1; Ri(G) = 1[u u u 2 ]/{u\ -l,u 2 - 1). 

The isotropy group of a generic point of the action of the group G on 
the projectivization CP 1 = (C 2 \ {0})/C* consists of 2 elements and is the 
commutator (G, G) of the group G. Each cyclic subgroup of order 4 has two 
fixed points which are in the same orbit of the G-action. They are Q\ — (1 : 0) 
and Q 2 = (0 : 1) for the subgroup (a), Q 3 — (1 : 1) and Q 4 — (1 : —1) for 
the subgroup (r), Q 5 — (1 : 2) and (^6 = (1 : — *) for the subgroup (rer). The 
pairs (<5i, Q2), (Q3, Q4), and (Q 5 , Q 6 ) are orbits of the action of the group G 
on CP 1 . 

The product of the linear functions vanishing at the points Q\ and Q 2 is 
xy. It is invariant with respect to the transformation a and anti-invariant 
with respect to the transformation r. Therefore Uq 1 = Uq 2 — u 2 . In the same 
way uq 3 = u Qi = ui, uq 5 = uq 6 = u 2 (the corresponding products of linear 
functions are x 2 —y 2 and x 2 + y 2 respectively). The product of linear functions 
vanishing at the points of an orbit of the action of the group G different from 
those consisting of the points Qi is a homogeneous polynomial of degree 4 
and is invariant with respect to the G-action. Therefore for any Q ^ Qi, 
i = 1, . . . , 6, one has uq = 1. 

Let {2} be a stratification of the space (in fact of a smooth curve) D 
(D = {JE) such that: 

1. Each stratum S is connected and therefore is contained in the image of 
one component E a under the map j : D — > D of factorization. 

2. Over each strutum S the map j is a covering. 

As above, for a point p G D, let G p be its stabilizer {g G G : gp = p] and let 

Gp be the orbit of the point p. For all points from a connected component of 

the preimage j _1 (S) of a stratum S the stabilizer G p is one and the same and 

• 

for all points of j _1 (S) the stabilizers are conjugate to each other. For p G D, 
let a — a(p) be the number of the component E a which contains the point p. 
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Let 

ms,i ■= m °(p)i for ? eS > 

pej _1 (p) 

m s := (m^i, • • • , ?^s,s)- 

For p G D, let po be the corresponding point of the component Eq of the 
exceptional divisor: if p _E , £>o is the point which belongs to the closure of 
the corresponding component of the complement D \ E . Otherwise p = p. 
Let 

«M P )o(|Gp|/|Gpo|) 

tin • — "po ) 

where p G The (1-dimensional) representation u~ is a monomial, say 

u- s , in basic representations, u = (ui, . . . , u q ), £ s = (£±, . . . , £ q ). 

Theorem 1 

P G (t) = H(l-uH- B )~ X{S) ■ (2) 

Proof. Let us fix V_ G Z> and suppose that we compute the Poincare series 
P G (t) up to terms of degree V in t u . . . ,t a . Let FO* 2fi (V) be the set {/ G 
P(9^ 2 o : v(f) < H}- We can make additional blow-ups of intersection points of 
components of the exceptional divisor so that, for any / G C*c 2 ,o with v(f) < 
the strict transform of the curve {/ = 0} intersects the exceptional divisor only 
at smooth points. We shall keep the notation (X, D) for this modification as 
well explaining later why new-born components do not affect the answer. The 

space of G-invariant effective divisors on D, i.e. of G-invariant unordered 

collection of points of D with some multiplicities, can be in the natural way 
identified with the space 

r° = n(us ts ) = u(ip 1 -) 

S \fc=0 / {fe H } \ H / 

The space 

Y G 

can be considered as a semigroup with the union of collections 
as the semigroup operation. Let 

I G : I] POg 2 , (Z) - Y G 

a 

be the map which sends a (non-zero) function / G 0^ 2 (V_) to the intersection 
of the strict transform of the zero-level curve {/ = 0} with the exceptional 
divisor D (a G-invariant collection of the intersection points counted with the 
corresponding multiplicities). 
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Let v : Y G -> Z^ be the map (a semigroup homomorphism) which sends a 
point of the component \\ S ks E of the space Y G to ^2 k s m s . Let u : Y G — > G* 

be the map to the group G* of one- dimensional representations of the group 
G which sends a point of the component ]^[S' fcH S of the space Y G to ri M H 2 - 

One can easily see that y_ o I G = v and uoI G = u where v and u in the right 
hand sides of the equations are the corresponding maps from ]J PC>c 2 o(— )• 

a 

The image of the map Iq is the union of all components of the space Y G with 
v < V_. For a space (a quasi-algebraic variety) Z one has 

oo 
k=0 

This implies that 

yG S 

Moreover, all additional strata corresponding to components of the exceptional 
divisor born under additional blow-ups have the Euler characteristics equal to 
zero and therefore do not participate in the right hand side of the equation. 
For any point y £ Y G with v(y) < V_, its preimage Iq (y) in ]J F0^. 2 (V_) 

a 

is an affine space: Proposition 2]. With the Fubini formula this implies 
that the integrals of ut- over the spaces Y G and ]J PC^ 2 (V) coincide up to 

a 

terms of degree > V_. Therefore Equation 121 is correct up to terms of degree 
> V_ for any V_ £ Z,> . This implies the statement. □ 

3 Examples 

1. Let G = Z 3 act on the plane (C 2 ,0) by i{x,y) = where £ = 

exp(27ri/3) is the generator of the group Z 3 . The factor space (C 2 ,0)/Z 3 is a 
surface singularity of type A 2 . Blowing up the origin we glue-in the exceptional 
divisor CP 1 with the self-intersection number (—1). The action of the group 
Z 3 on the space of the modification has two fixed points corresponding to the 
coordinate axes in (C 2 ,0). At one of them (corresponding to the ) the 

representation of the group Z 3 has weights (1, 1), at the other it has weights 
(—1,-1). After blowing up these two points one gets a modification X of the 
plane C 2 whose exceptional divisor D consists of three components with the 
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(-1,0) m (0,2) ^ (-2,0) ^ (0,1) 
-1 -3 -1 



Figure 1: Example 1. 



self- intersection numbers —1, —3, and —1. The information about the space 
X and the Z 3 -action on it is encoded in Figure ^ 

The vertices correspond to the components of the exceptional divisor. The 
arrows correspond to the strict transforms of the coordinate axes in (C 2 ,0). 
The numbers under the vertices are the self-intersection numbers of the corre- 
sponding components of the exceptional divisor. The numbers over each edge 
(mod 3) are the weights of the representation of the group Z 3 at the corre- 
sponding intersection (fixed) point; each of these numbers corresponds to the 
action on the component which it is close to. 

The group Z 3 acts trivially on the first and on the third components of the 
exceptional divisor (counted from the left). The action on the second one is 
non-trivial and has two fixed points. The fact that at each fixed point of the 
Z 3 -action on the space X one of the weights of the representation is equal to 
zero implies that the factor space X/Z 3 is smooth and is a resolution of the 
^-singularity (C 2 ,0)/Z 3 . 

Remark. In general, for an action of a group (say, of a cyclic one) on the plane 
(C 2 , 0), it is not possible to get an equivariant modification X of the plane such 
that the factor space Xj G is non-singular and therefore is a resolution of the 
singularity (C 2 ,0)/G. The factor space X/G may have singular points: see 
e.g. Example 2 below. 

One has 

-{E i oE j ) = 

As the stratification {2} of the factor space D = _D/Z 3 one can take the one 
whose three strata are isomorphic to the projective line CP 1 minus two points 
(and therefore have the Euler characteristics equal to zero) and two strata 
consists of one point each: the images of the intersection points of the strict 
transforms of the coordinate axes in C 2 with the exceptional divisor D. For 
these two strata the representations u s are equal to u and m -1 respectively. 
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Therefore 



P*( tll t 2 , t 3 ) = (1 - uffc 1 - 1 *)- 1 ^ - u" 1 ^)- 1 . 

The exceptional divisor of the resolution (X, 0)/Z 3 — > (C 2 , 0)/Z 3 is the im- 
age of the exceptional divisor D of the modification (X, 0) — > (C 2 , 0) and also 
consists of three components. The self-intersection numbers of these compo- 
nents can be determined in the following way. On the first and on the third 
components of the exceptional divisor D the Z 3 -action is trivial. Therefore 
they map isomorphically on their images. The group Z 3 acts only on the nor- 
mal bundles to these components. The normal bundles to their images are 
the third powers of those over the preimages. Therefore the self-intersection 
numbers of the corresponding components of £)/Z 3 are equal to (—3). On 
the second component of D the Z 3 -action is not trivial. This implies that 
the self-intersection number of its image (the factor under the Z 3 -action) is 
3 times less than the self-intersection number of the preimage and is equal 
to (—1). If, in (X, 0)/Z 3 , we blow-down the second component of the excep- 
tional divisor (with the self-intersection number (—1)), we get the standard 
(minimal) resolution of the ^-singularity. To get the Poincare series of the 
divisorial filtration corresponding to it one should take the part of the series 
P Zi (T^ 3 ,1 } T^ 3 ) corresponding to the trivial representation. The reason for 
the change of variables T\ — t\, T 2 — t 2 is the difference between normal 
bundles to the corresponding components of D and to their images described 
above. This way one gets 

(l-T^) 

Pa 2 (T 1 ,T 2 ) = - _^( 2 ,i)^ 1 _y( 1 - 2 ))(l _T (1 ' 1} ) 

(cf. 0). 

2. Now let G = Z 5 act on (C 2 ,0) by £(x,y) = {^x,^) where f = 
exp(27u/5). The factor space (C 2 ,0)/Z 5 is a surface singularity of type A4. 
Blowing up the origin, after that all fixed points of the modification and then 
all fixed points of the second one we arrive to a modification the exceptional 
divisor of which has 7 irreducible components. The weights of the Z 5 -action 
at the fixed points which are not intersection points of the components of 
the exceptional divisor (they are intersection points of the exceptional divisor 
with the strict transforms of the coordinate axes in C 2 ) are (1, 1) and (—1, —1) 
respectively. Blowing up these points one gets the modification described in 
Figure 

The factor space of this modification is not smooth: it has two quotient 
cyclic singularities of type (1,3) in the terminology of jSj, corresponding to 
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(-1,0) (0,-1) (1,3) (-3,0) (0,2) (-2,0) (0,3) (-3,-1) (1,0) (0,1) 
■* ■ • • • • • • • ■ »- 

-1 -2 -3 -1 -5 -1 -3 -2 -1 



Figure 2: Example 2. 



the intersection points (edges) depicted by dashed lines. Minimal resolution 
of such a point has the exceptional divisor consisting of two components with 
the self intersection numbers —2 and —3 (see jH])- One can easily see that 
additional blow-ups at these points do not lead to a modification the factor 
space of which is smooth. Just as in Example 1 one has 

P^{t X , . . . , t B ) = (1 - ^(4,3,2,3,1,2,1,1,1))-!^ _ ^(1,1,1,2,1,3,2,3,4))-! 

The components of the exceptional divisor D which correspond to the com- 
ponents of the standard (minimal) resolution of the ^-singularity are those 
with numbers 1,4,6, and 9. One can verify this resolving the two singular 
points of X/Z 5 and watching the sequence of blow-downs which leads to the 
minimal resolution of the ^-singularity. On all of them the Z 5 -action is 
trivial and therefore they map on the four components of the resolution of 
the ^U-sigularity isomorphically. The Poincare series of the divisorial filtra- 
tion of (the minimal resolution of) the ^-singularity is the part of the series 
P Zs (T^ 5 ,1,1, T% , l,Tg , 1,1, T^ 5 ) corresponding to the trivial representa- 
tion. This gives 

Pa 4 (Ti, T 2 ,T 3 , T 4 ) 



(I _ 2i(l,l.l.l)) (i _ r (l,2,3,4)\ n _ 21(4,3,2,1)) 



(cf 0). 

3. Let G = B>2 be the subgroup of SL(C, 1) generated by the transforma- 
tions a(x,y) = (ix,—iy) and r{x,y) = (iy,ix), i = y/—l (see Example 2 of 
Section |2J). The factor of the plane C 2 by the G-action has a singular point of 
type D 4 (see, e.g., 0). 

Let us blow-up the origin in C 2 . On the exceptional divisor (the projective 
line (C 2 \ {0})/C*) there are 6 points Q\, . . . , Q 6 whose stabilizers are cyclic 
subgroups of G of order 4 (see Section |21 Example 2). The stabilizer of any 
other point of the exceptional divisor consists of 2 elements and is the commu- 
tator (G, G) of the group G. Blowing-up the points Qi, % = 1, . . . , 6, one gets 6 
new components of the exceptional divisor. On a component corresponding to 
a fixed point Qi of a cyclic subgroup H of order 4 the action of the group H is 
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not trivial. It has two fixed points one of which is the intersection point with 
the exceptional divisor of the initial blow-up. The other one is the intersection 
point with the strict transform of the line in C 2 corresponding to the point 
Qi G (C 2 \ {0})/C*. Blowing-up these 6 points which do not belong to the 
exceptional divisor of the initial blow-up, one gets 6 new components of the 
exceptional divisor. On the one of them corresponding to a fixed point of a 
cyclic subgroup of order 4 the action of this subgroup is trivial. We arrive to 
the modification described in Figure El The arrows correspond to the strict 
transforms of the lines in C 2 corresponding to the points Qi, i = 1,...,6. 
The numbers in parenthesis are the weights of the action of the corresponding 
cyclic group of order 4 at the corresponding point. Let us choose one compo- 
nent of the exceptional divisor from each G-orbit. (The multiplicities of any 
equivariant function on components from the same G-orbit are equal.) These 
7 components are indicated on the left hand side of Figure H3 




Figure 3: Example 3. 

A stratification {S} of the factor space D = D/G can be chosen in the 
following way. 

1. The factor space Si of the smooth part of the initial ("central") compo- 
nent of the exceptional divisor. It has the Euler characteristic equal to 
—1. The corresponding representation wgj is trivial. 

2. Three strata consisting of one point each: the images of the intersection 
points of the exceptional divisor D with the strict transforms of the 
lines corresponding to the points Qi, i = 1,...,6. The corresponding 
representations ««. are: U2 for the stratum corresponding to the fixed 
points of the subgroup (a), u\ for that corresponding to the subgroup 
(r), U1U2 for that corresponding to the subgroup (rcr). 
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3. Six strata with the Euler characteristics equal to zero. They are images of 
the smooth parts of 12 components of the exceptional divisor D different 
from the central one minus intersection points with the strict transforms 
of the lines corresponding to the points Qi. 

Theorem Q gives 

I _ +(4,4,4,4,4,4,4) 



P G (tu 



(1 _ ^(2,3,4,2,2,2,2))^ _ ^ ^(2,2,2,3,4,2,2)) _ ^ ^(2,2,2,2,2,3,4)) 



The components of the exceptional divisor D of the modification which 
corresponds to the components of the standard (minimal) resolution of the 
D4 singularity (C 2 ,0)/G are those with numbers 1, 3, 5, and 7. Therefore 
Pd 4 {Ti, T 2 , T 3 , T 4 ) is the part of the series P G (T^ 2 , 1, T 2 1//4 , 1, T 3 1//4 , 1, T 4 1//4 ) cor- 
responding to the trivial representation. One gets 

(1 _ Z (2,1,1,1 ))(1+Z (3,2,2,2)) 

PdAL) 



'I _ ^(2,2,1,1))^ _ T (2,l,2,l))^ _ ^(2,1,1,2)) 

(Cf 0). 



4 Filtrations defined by G-invariant curves 

Let (C, 0) C (C 2 , 0) be a plane curve singularity invariant with respect to the 
action of the group G on (C 2 , 0). Let C = (J[=i C« be the representation of the 
curve C as the union of its irreducible components. Let ifi : (C, 0) — > (C 2 , 0) 
be the parametrization (uniformization) of the component Cj of the curve 
C, i.e. Imyjj = Ci, <pi is an isomorphism between C and Ci outside of the 
origin. For a germ / G C?c 2 ,o let Vi = be the power of the leading 

term in the power series decomposition of the germ / o ip i : (C, 0) — > C: 
/ o <fi(r) = ar Vi + terms of higher degree, a ^ 0. If / o <pi(r) = 0, V{(f) := oo. 
The functions (valuations) Vi define a multi-index filtration on the ring Oc 2 , o of 
germs of functions of two variables and also on the subspace 0^ 2 of functions 
equivariant with respect to a 1-dimensional representation a of the group G. 
Let Pc(ti, ■ ■ ■ ,t r ) be the Poincare series of this filtration on the space 0^ 2 , 
let 

a 

(the sum is over all non-isomorphic 1-dimensional representations a of the 
group G) be the equivariant Poincare series of the filtration on the ring Oc 2 .o- 
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Remark. One can easily see that if the components and Cj 2 of the curve 
C are in one and the same orbit of the G-action on the set of components, 
v h(f) — v h{f) f° r an y / ^ ^c 2 o- This means that in all the monomials 
of the equivariant Poincare series Pc(t) the exponents at the variables 
and ti 2 coincide. Therefore without any loss of generality one can choose one 
component from each orbit of the G-action. 

Let it : (X, D) — > (C 2 , 0) be a G-invariant embedded resolution of the 
curve G (i.e. the total transform 7r _1 (G) of the curve G is a normal crossing 
divisor on the space X of the resolution and the group G acts on the space (a 
surface) X as well). Let D = [J a E a be the representation of the exceptional 
divisor D = 7r _1 (0) as the union of its irreducible components. Let {S} be 

a stratification of the factor space D — D/G described in section |2j Let 

o 

E a be E a itself minus intersection points with all other components of the 

o • o o 

total transform it (C) of the curve C (Ea C E a ), let D = U Ea, and let 

a 

D' := D/G be the space of orbits of the action of the group G on D'. Let {S'} 
be a stratification of the space D' with the same properties as the stratification 
{S} of the space D in Section |2l 

One has D C D, D' C D and one can suppose that each stratum of the 
stratification {S'} is a part of a stratum of the stratification {H}. For a stratum 
5', let £ s , be equal to £ E for the corresponding stratum 5. For i — 1, . . . , r, let 
E a (i) be the component of the exceptional divisor D of the resolution which 
intersects the component Cj of the curve C. Let ms',i '■= ms,^)) Eks' := 
(tos',i, • • • , mg' r ). 

Theorem 2 

P g(t) = Y[(i-u^t^y x{s,) . 

The proof is essentially the same as the one of Theorem ^ 
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